Analytic expressions for the large-dimension limit, when renormalized by introducing a suitable effective nuclear charge c yield accurate D=3 nonrelativistic energies for ground states of many-electron atoms. Using Hartree-Fock data to estimate g, which typically differs from the actual charge Z by -1% or less, we find this dimensional renormalization method (denoted DR-0) gives results substantially better than the HF input. Comparison of the l/Z expansion for the large-D limit with that for D=3 atoms provides expressions for the leading error terms in the renormalized total energy and correlation energy. When configuration mixing occurs in the 24 00 limit (as for Be and many other atoms), we find the renormalization procedure is markedly improved by including the zeroth-order mixing (denoted DR-1); this contributes a term linear in 2. Including the Z-independent term (DR-2) also improves the accuracy when zeroth-order mixing is absent (e.g., ground-state atoms with N=2, 3, and 7-l 1) but not otherwise. Correlation energies for atoms and cations with N=2-18 electrons and Z=2-28 are obtained with a mean error of 26% using just the large-D limit or HF input (DR-0); the mean error improves to only 5% when the leading l/Z term is included (either DR-1 or DR-2). Results much better than the HF approximation are likewise obtained for the ionization potentials and electron aflinities of neutral atoms.
INTRODUCTION
Dimensional scaling methods are well suited to -treating many-body correlation effects. ' In the D-, 00 limit, electrons assume fixed positions in a suitably scaled space and the exact geometry and energy can be computed for any atom or molecule. This prompts efforts to exploit the large-D limit, since it takes full account of electron correlation (albeit in an unphysical limit) whereas at D=3 correlation is very difficult to treat adequately.' For twoelectron atoms, dimensional interpolation3 or perturbation expansions4 in l/D have proved effective, but do not seem tractable for larger atoms or molecules. For many-electron atoms, we have recently obtained encouraging results by means of a simple dimensional renormalization procedure.5*6 This involves finding a renormalized nuclear charge g, which renders the dimensionally scaled energy at the Dd CO limit a good approximation to that for D=3 with the actual Z. The renormalized charge is readily evaluated by comparing the Hartree-Pock energy (or any other input approximation) with its D+ CO limit. This method melds the HF approximation (which lacks correlation) with the pseudoclassical large-D limit (which lacks exchange) and thereby yields substantially better accuracy than either ingredient.
Here we further develop the dimensional renormalization method (DR) as applied to a nonrelativistic N-electron atom. By introducing the l/Z expansion for both D=3 and D+ 03, we obtain the leading error terms in the renormalized charge and energy. This provides a systematic procedure for improving the DR method and assessing its limitations. In particular, when electronic configurations of the same symmetry become degenerate for 2-t 00, as often occurs, it becomes important to include the zeroth-order mixing.7*8 We test our results by comparison with accurate data for the ground states of atoms and cations with up to 18 electrons, the domain for which reliable correlation energies are available.gY'O _ ~. In Sec. II, we derive and test the renormalization criteria for the three leading orders of the l/Z expansion. In Sec. III, we analyze -the dependence on N and Z of the . . re.normalized charge c for successive DR approximations as compared with the charge that renders the DR method exact. In Sets. IV and V, we examine DR results for correlation energies, ionization potentials, and electron affinities. In Sec. VI we briefly discuss other prospective applications and improvements of DR procedures. In the Appendix we explicitly evaluate the l/Z expansion coefficients b&V) for the large-D limit through fifth order.
II. RENORMALIZATION CRITERIA AND THE l/Z EXPANSION
The ideal renormalization criterion would provide an -effective value Z, of the nuclear charge such that the large-D limit becomes equal to the actual D=3 energy E,W,Z,)=~3(N,Z).. ~.
( ..-.: (1) Since the energy at the large-D limit is readily computed from analytic expressions, ' * the exact renormalized charge Z, can be determined by inversion.' For neutral atoms 2; differs from the actual Z by at most 2.5% (for N=2) and more typically by only -1% (for N up to 86). Such an evaluation of Z, is only of descriptive interest, as it requires knowledge of the actual D= 3 energy. As a practical approach, we use Hartree-Fock results to obtain an ap- (24 and then take E, (N,{) as our renormalized approximation for the D=3 energy. This procedure, which we designate as DR-0, yields results substantially better than the HF input. ' We also examine approximations obtained by incorporating information about the correlation energy given by the leading terms of the l/Z expansion. As shown below, the renormalization criterion including the first-order terms is (2b) and that including the second-order terms is UC)
Again we take E, (N,c) as the approximation for the D=3 energy. We designate these renormalization critera as DR-1 and DR-2, respectively.
The function A B, (N) , which arises from zeroth-order configuration mixing, can readily be computed for any atom; this only requires diagonalizing a small matrix in a hydrogenic basis.7*8 Computation of A B,(N) is much more elaborate and at present values are available12 only for atoms with N=2-10. However, our tests with data for N=2-18 and Z=2-28 indicate that including AB, in the renormalization procedure (DR-2) only improves the results when AB,=O; thus for most atoms the second-order term can be omitted.
A. Error analysis via l/Z expanslons
The l/Z expansion for the D=3 energy13 has the form
The HF approximation gives the correct zero-order coefficient B. but does not give the correct first-order term B1 whenever electronic configurations of the same symmetry become degenerate in the Z+ CO limit.7'8 The correlation energy AE=E--EHF thus contains a first-order term in such cases but otherwise its expansion begins with the Z-independent, second-order term AE3(N,Z)=ZABl+AB2+AB3/Z+~--. The coefficients ABk( N) are given by Bk -gF. In the Appendix we determine the corresponding l/Z expansion for the large-D limit,
The HF version of this limit always gives the correct b. and bl , and by-F=0 for k > 2. Hence the correlation energy is given by AE,(N,Z)=Ab2+b3/Z+.*. .
As shown in the Appendix, Ah,(N) is proportional to b,(N) and the higher b,(N) coefficients can be determined explicitly for any atom. ror, ivhich grows rapidly as N increases, is less than the b, term (at worst, 4X 10m4 hartree, for N=Z= 18). For the calculations of this paper we used the full analytic expression&5111 rather than the l/Z expansion.
With these expressions we can readily determine the error in the renormalized total energy dE=E3(N,Z) -E, (NJ). Since our DR procedures all make use of HF input, we consider E, (NL> =E:FW,C) +A&, (N,L3.
On introducing the criterion of Eq. (2a) we have
. We will find that these error expressions account for several features which had seemed capricious in our previous application of the DR-0 procedure.5 An instructive DR variant uses, instead of HF input, simply the partial sums of the l/Z expansion. A similar error analysis yields, for the first-order sum as input,
Analogous formulas obtain for higher partial sums. Applied to two-electron atoms,5 for which the B2 and b2 co- 
B. Tests for ground-state energies
Recently Davidson and co-workers'," have completed a definitive study of nonrelativistic correlation energies and relativistic corrections to ionization potentials for 323 ground-state atoms and cations with N=2-18, Z=2-28. In implementing our DR procedures, we used their tabulated values of HF energies and AB, and determined AB2 by numerically fitting the correlation energies.16 Table II lists these parameters. Ten of the isoelectronic series (N =4-6 and 12-18) have AB,#O and seven (N=5 3, and 7-l 1) have A B, = 0 (in which case DR-0 and DR-1 do not differ).
Figures l-4 exhibit the enhancement of accuracy resulting from dimensional renormalization.
Values of E, (N&J) computed with s's obtained from the three vari- ants of Eq. (2) are compared with the corresponding D= 3 input energies. Figure 1 pertains to the helium isoelectronic series. The error in the HF approximation varies from 1.5% for Z=2 to 0.0060% for Z=28, whereas the error in the corresponding DR-0 result is about threefold smaller throughout this range. This is substantially better than the improvement by about a factor of 1.6 obtained by augmenting the HF energy with AB,. However, using HF + A B2 as input for DR-2 greatly reduces the error, to only 0.016% for Z=2 and to 0.000 009% for Z=28. This is a remarkable improvement; relative to HF, the error shrinks by a factor of -lo2 for He and a factor of -lo3 for Z=28. Figure 2 gives results for four-electron atoms. Again the DR-0 result is a considerable improvement over HF. As noted previously,5 this improvement decreases as Z increases, in contrast to other cases (e.g., N=2 and N= 10 atoms). From Eq. (9a), the contrasting 2 dependences of these DR-0 results is now seen to arise chiefly from the presence or absence of zeroth-order configuration mixing. Accordingly, augmenting the HF energy with ZAB, reduces the error substantially, especially as Z increases, and DR-1 greatly amplifies the improvement. On the other hand, adding the AB, term does not noticeably improve the D=3 energy and the corresponding DR-2 result actually becomes slightly less good than DR-1 as Z increases. Figure 3 shows that these features become more pronounced for l&electron atoms. Augmenting the HF energy with ZAB, and AB, produces only modest improvements in the D= 3 energy but gives substantially better DR results. Now the DR-1 version is much better than DR-2 throughout the Z range. Indeed, DR-0 is even better than DR-2 for argon and the first few isoelectronic cations. Although this may be partly due to inaccuracy in estimating the ABz term,16 we consistently find for the domain of N and Z examined that including A B, in the renormalization procedure only improves the results when AB, =O. Evidently, in Eq. (9c) the higher-order contributions, involving differences -of D=3 and D-+ 00 terms, do not decay monotonically, and in Eq. (9b) the cancellation is in fact more effective. Figure 4 compares the input and DR approximations for neutral atoms with N=Z=2-18.
As in the examples considered above, the DR results are always considerably better than the input. The optimal version is seen to be DR-1 when zeroth-order mixing occurs and to be DR-2 when it does not (i.e., for N=2, 3, and 7-11).
III. ANALYSIS OF RENORMALIZED CHARGE
The ideal renormalization criterion of Eq. ( 1) implicitly defines a function Z, rc (iV,Z) such that the l/Z expansions of the left-and right-hand sides match exactly term-by-term to all orders. This function has a l/Z expansion of the form fW,Z) =zk& u&v)z-~=zu~+a~+~+. . . .
Inserting this into Eq. ( 1) and matching terms, we find the leading coefficients are related to those of Eqs. (3) and (5) by
a2=~(Bz--42)/bo-~~alEalt(bl/bo)l.
Likewise, we can determine from Eqs. (2) the leading terms of the l/Z expansions for the approximate renormalized charges, here designated co, ci, and I&, that specify DR-32 DR-1,-&d DR-2, respectively. An analysis like that of Eqs. (7)-(g) shows that the l/Z expansions for these approximate s's agree with the exact Eqs. (11) through zeroth, first, and second order for DR-0, DR-1, and DR-2, respectively, when AB,#O. Of course, if AB1=O then r DR-0.. and DR-1 become the same and are exact through first order. In particular, if AB,#O;the leading error term in the renormalized charge for DR-0 is given by cc-Z, = -( l/ 2)ABl/bo, independent of Z, but otherwise the leading error term is linear in l/Z. This accounts for the quite different behavior previously observed in numerical calcu- For two-electron atoms, the ak coefficients of Eq. (10) can be determined to very high order since the requisite Bk and bk coefficients are known.'4P'5 The key difference between DR-0 and DR-2 appears in the a2 coefficient, as expected. Figure 5 plots values of co and 5; as well as Z, , as determined by numerical solution of Eqs. ( 1) and (2); in accord with Eq. (lo), the near linearity indicates the major role of the a2 coefficient, which governs the slope of this plot. The intercept is governed by a,, which is the same for DR-O and DR-2. Figure 6 shows a similar plot for 'four-electron atoms. Since AB+O, the intercept now has the key role rather than the slope. The al is too small for DR-0 but becomes exact for DR-1 and DR-2, for which a2 is also quite similar. However, the curvature of the plot shows a3 is appreciable, although somewhat larger for the approximate DR procedures than for the exact renormalization. gives a portion of the plot for 18-electron atoms, illustrating that DR-1 closely approaches the exact Z, whereas DR-0 and DR-2 deviate in opposite ways. Figure 8 compares for neutral atoms with N=Z=2-18 the error in the renormalized charges for the three DR variants. For DR-0 the charge &, < Z, , but this does not hold for g1 and 5;. The error in the renormalized charge, Z, -c, is least for DR-1 if A B, is nonzero, for DR-2 if it is zero. The same holds for the cations isoelectronic with these atoms. Thus, we take g1 or 5; as the optimal choice depending on whether or not AB, is nonzero.
The l/Z expansion of Eq. ( 10) for the renormalized charges offers a practical means to compactly represent atomic energies, a different than usual means to separate the N and Zdependence. Table III gives the leading coefficients for Z, and the optimal DR approximation (fi or c2). For each N, the al coefficient was computed from Eq.
( 1 lb), using the exactly known B1 and bl values. The other ak coefficients listed were obtained from numerical fits to values of Z, , cr, and 5; determined for the 323 systems in the data base provided by Davidson et al.971o (Although for Ng 10, the a2 coefficient could be computed 2); points designate the optimal choice among these three, which in each case corresponds to using as input the HF energy plus the first nonzero contribution to the l/Z expansion of the correlation energy. ( 1 lb), others fit to numerical results as described in the text. For each N, the upper line pertains to Z, , the exact renormalized charge defined in Eq. (1); the lower line pertains to cl or & as specified in Fig. 8 .
from the known B2 and b2, adjusting a2 slightly gave better overall fits.) Using these coefficients (with higher order ak=O), we find the error is only 10v5 or less (usually much less) in reproducing the renormalized charges. This corresponds to 6-7 figure accuracy (at worst, 6 X 10v4 hartree, for N=Z= 18) in the renormalized energy.
IV. CORRELATION ENERGY
For the DR procedures considered here, the corresponding correlation energy (CE) is approximated by
AmN,Z) zE,(NJ) -EF(N,Z). (12)
Hence the error expressions of Eq. (9) also apply to the CE. In our previous use of the DR-0 procedure5.6 we found that the correlation energy obtained was practically the same as the large-D result without renormalization, AE, (&,Z) as given in Eq. (6). Frcm Eq. (9a), we see that the renormalized result will differ only by AE, (N,Z) --hE, (N&,) = k;3 biAZ2-k-5;-k> =A&, 2 kbkZ1-' (13) k=3 and since A&=&-Z is very small, this difference is negligible. Figure 9 compares the overall N and Z dependence of the correlation energy for D= 3 with the large-D result. Since the latter does not contain configuration mixing, for this comparison we have deducted ZAB, from the D=3 values. Although modest systematic differences are evident, the general correspondence is striking. Table IV shows that for neutral atoms the large-D result, equivalent to DR-0 but even simpler to compute, indeed provides a fairly good estimate for the CE. In magnitude, this estimate is always too low but as yet we have no proof that this need generally hold. The mean error is 24% for N=2-10 and 13% for N= 11-18.
The DR-1 and DR-2 procedures offer considerably improved approximations for the CE, better than the input information (cf. our comments on Figs. 14). Table IV AE$Z) -Z AB1 WZ) 0 lIe~f ('=2 flc ' ' ' ' ' includes AE,(N,c) computed for the optimal g, or c2 (according as ABr is nonzero or not). In magnitude, these estimates for CE are sometimes too high. The mean error is 7.2% for N=2-10 and 2.9% for N= 11-18. This compares favorably with the mean errors of 7.1% for less complete results from Meller-Plesset perturbation theory, l7 and about 10% from the best available density functional models. l8
For cations, DR approximations for the correlation energy become more accurate. The percentage error in the approximate AE3 as given by Eq. (12) may be obtained from that in the total energy E3 by multiplying by the ratio ( E3/AE3). Since the absolute error in AE3 is usually more pertinent, we illustrate this in Figs. 10-12 , again for N=2, 4, and 18. For the CE of helium, DR-2 is much better than DR-0 (giving 101% rather than only 64%) and an appreciable improvement over the CE input A B2 (which corre- sponds to 111%). In effect, DR-2 amounts to approximating the k)3 terms of Eq. (4) with the corresponding terms for the large-D limit. As Z increases, those terms contribute less so the accuracy improves but the benefit of using DR-2 fades away. For larger N the benefits of DR persist, however, and actually are amplifed. For the CE of beryllium, as seen in Fig. 11 , DR-1 is considerably better than DR-0 (giving 114% rather than 65%) and much better than the CE input ZAB, (which corresponds to 50%). For fourelectron cations, as Z increases the absolute error in this input remains virtually the same whereas DR-1 improves in accuracy. This behavior is much more marked for the CE of 18-electron atoms, as shown in Fig. 12 . For argon, DR-1 is quite good ( 104% compared with 87% for DR-0) and far better than its CE input ZA B, (which corresponds . dFrom dimensional renormalization, using 5, or 5; as specified in Fig. 8 . to only 17%), and again for isoelectronic cations the advantage persists. This is a consequence of the basic advantage of DR, the ability to transmute HF input into a good first approximation for the correlation energy (DR-0) which then enhances any additional CE input (DR-1 or DR-2).
V. IONIZATION POTENTIALS AND ELECTRON AFFINITIES
The CE contribution to energy differences between different electronic species is particularly vexing for conventional computations because of the-difficulty of balancing basis sets. The large-D limit is free of such problems. As a test of its utility, we consider CE corrections to HF ionization energies and electron affinities. According to Eqs. (12) and ( 13), for the DR-0 approximation these corrections consist merely of the differences in AE,(N,Z) for neutral and cation, or for anion and neutral. _.
~-0.1' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' The DR-1 and DR-2 approximations do not consistently improve the results for ionization energies (although for most atoms the changes would not be noticeable on the scale of Fig. 13 ). This is probably because the differences involved in the CE corrections amplify any errors in the N dependence. The DR-1 and DR-2 approximations in fact work less well than DR-0 for electron affinities. Again, this reflects the sensitivity of small differences and the smoother N dependence of CEs for DR-0. Another likely factor is the nature of correlation in negative ions in contrast to neutral atoms and cations. The anionic electron is loosely bound to a core whose electronic configuration is similar to that of the parent neutral atom. In renormalization it may be more appropriate to suppose the ABr or AB2 terms of the anion are similar to the parent neutral, and thus largely cancel from the CE correction. The treatment of negative ions requires further study. However, even DR-0 estimates of the CE corrections may prove useful, especially for large atoms, since the HF approximation often fails to identify stable negative ions.
Recently, Loeser and co-workers2' have also evaluated CE corrections to ionization energies and electron affinities from the large-D limit, nearly equivalent to DR-0. They point out that the remaining deviations from experimental values are strongly correlated with the spin changes upon ionization. Usually, overestimates or underestimates accompany, respectively, a decrease or increase in S upon loss of an electron (A--+A0 or A'+A+).
This pattern is attributable to effects of exchange on correlation in the valence shell.22
VI. DISCUSSION
The chief motivating theme of dimensional scaling' is to exploit the simplicity of the large-D limit in treating many-body dynamical correlations. This is well served by the DR approach, which relies on a-complementary alliance with conventional methods. As we have recently surveyed the most apparent prospects and limitations of this approach,5 here we comment on only a few aspects pertaining to this study.
We use HF results as the basic input both because these data are most widely available and the large-D limit for HF is easily evaluated. This also introduces exchange, which is otherwise lacking in the large-D limit.22 However, in this alliance (DR-0) the full responsibility for correlation is borne by the large-D limit. Better performance is attainable by supplying higher quality D=3 input which can provide some of the correlation. Here we have examined a modest step of this kind by incorporating from the l/Z expansion just the first nonvanishing correction to the hydrogenic limit, either the zeroth-order configuration mixing term (DR-1) or the constant term (DR-2). As seen in Fig. 4 and Table IV, the improvement in treating correlation is appreciable.
The zeroth-order configuration mixing has another important role. It is nonzero whenever states of the same symmetry become degenerate in the large-Z limit, and ensures that the atom correctly approaches that limit. This is particularly congenial for DR, which by construction conforms to the large-l) limit and is also consistent with the large-N hmit.6~11B22 Even for large atoms, the zeroth-order mixing can readily be evaluated since only hydrogenic matrix elements are involved. Although in such an atom the zeroth-order mixing term may be relatively small, as illustrated in Fig. 12 , including it in DR substantially enhances the correlation results.
Prospects for improving both the D=3 and large-l) components of DR are inviting. Input from high quality variational calculations such as MP-2 should yield better DR results for exchange as well as correlation. This requires determining the large-D limit of the variational matrix elements, a painstaking but straightforward task.23324 Effort would be better invested there than in extending the l/Z perturbation expansion, since generic variational functions can be applied also to molecules. Relativistic corrections are another prospect for DR; the D-dimensional generalization of the Dirac atom has been solved25 and it appears feasible to obtain the large-D limit for an N-electron atom.
-As illustrated by the error expressions of Eq. (9), the performance of DR procedures depends essentially on how well the N and Z dependence ofwhat is lacking from the ~D=3 input is approximated by the corresponding part of the large-D component. This might be improved in several ways. We have thus far used only the simplest large-l) model for a many-electron atom." It employs a hydrogenie, parameter-free scaling for each principal quantum number to remove the major D dependence and introduce shell structure. The model also does not take account of electronic angular momentum and symmetry breaking in the large-D limit. Means to better handle all these aspects are now available.1*5 Furthermore, Loeser and coworkers2' have recently formulated two new ways to map D+ 03 solutions to finite D.
The possibility of employing DR procedures with density functional theory is especially appealing,26 since the large-D limit is compatible with the large-N limit and the Kohn-Sham and HF equations are formally similar. As well as a means to construct exchange-correlation functionals, the ability of DR to treat excited electronic states5 and to incorporate zeroth-order configuration mixing would allay persistent shortcomings of current density functional models. 27'2s hCKNOWLEDGhiENTS We are grateful for support received from the Office of Naval Research and from the Exxon Corporate Science Laboratories.
APPENDIX: i/Z EXPANSION COEFFICIENTS
Here we evaluate the l/Z expansion for the large-D limit of the ground-state energy (in hartree units) of an N-electron atom, through fifth order. Since derivations and caveats are fully presented elsewhere,516*11 we start from the D-scaled expression obtained by Loeser, nmax 1 where N, is the number of electrons with principal quantum number less than or equal to n. The function E, (N,Z) is given explicitly in terms of the smallest positive root of a quartic equation, * ' and an iterative solution of the quartic yields E, WZ) = j, &&V)Z-k. 's --T 1 2-3'z(s$-s,) 3 -2-4(s3-$2+.gsl) -2-4(&--2&+s,) -2-6(S2-S,)= -2-g'2b, 2-'7'~(s3-~s2+~s*, 2-"(3s,-9s3+8&-2s,) 3~2-~"~(8S,-36~4+56S~,-35S~+7&) ' The quantities S,, are defined in Eq. (AS).
The coefficients 6,&N) are simple polynomials in N, given in Ref. 6 for k<5. For the corresponding Hartree-Fock approximation, the coefficients ba and bt are the same and the bk with k> 2 all vanish. Thus, the l/Z expansions for the total energy and the HF approximation have the form 
